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SOME INVERSE PROBLEMS OF DEFORMATION
AND FRACTURE OF PHYSICALLY NONLINEAR
INHOMOGENEOUS MEDIA

I. Yu. Tsvelodub UDC 539.3

The following two types of physically nonlinear inhomogeneous media are considered: linear-elastic
plane with nonlinear-elastic elliptic inclusions and linear-viscous plane with elliptic inclusions from
a material that possesses nonlinear-creep properties. The problem is to determine infinitely distant
loads that produce a required value of the principal shear stress (in the first case) or principal shear-
strain rate (in the second case) for two arbitrary inclusions. Conditions for the existence of solutions
of these problems for incompressible media under plane strains are obtained.
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The present paper is a continuation of the studies [1-3] on modeling the processes of deformation and fracture
of physically nonlinear inhomogeneous media. New inverse problems are formulated for linear-elastic and linear-
viscous planes with nonlinear (e.g., elastoplastic or nonlinear-viscous) elliptic inclusions in which a homogeneous
stress—strain state occurs under the action of loads applied at infinity (provided the distance between the centers
of any two inclusions is much greater than their size [1]).

1. Linear-Elastic Plane with Nonlinear-Elastic Inclusions. We consider an isotropic elastic plane .S
with various physically nonlinear elliptic inclusions (PNEI) located far from one another so that the interaction
between the stress—strain states of PNEI can be ignored. We choose two arbitrary inclusions and denote them by S;.
Each inclusion is referred to the coordinate system Opx1,xok in which the equation of the boundary Lj separating
Sy from S has the form x2,ay;” + 22,057 = 1 (aor > bok, where k = 1,2). We assume that the inhomogeneous
medium is incompressible and undergoes plane strain under the action of remote stresses whose principal values are
denoted by N7 and N», and the angle between the first principal axis and the Ogx1) axis is denoted by «y. The
region S obeys Hooke’s law [1]

dpegy = —4pe1 = 092 — 011, 2ue1g = 012,

where 0;; and €;; are the components of stresses and strains in an arbitrary coordinate system and p is the shear
modulus. (If the latter is replaced by the corresponding Volterra operator, the relations given above describe the
plane strain of a linear viscoelastic incompressible medium [1]).
Following [1], we assume that the kth PNEI is isotropic and nonlinear-elastic (or obeys the deformation
theory of plasticity). In the coordinate system Ogx122k, its constitutive relations have the form
€32k = —€11k = Fr(7) (022 — 0111) /2, (1.1)

1ok = Fi(74) 012k 275 = (03 — 0511)° + 4053,/ (k=1,2),

where Fy (7)) > 0 is a specified function and 7} is the principal shear stress.
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Since the inclusions do not interact with one another, the stress—strain relations in the kth PNEI and at
infinity (provided the rotation at infinity satisfies the condition é> = 0) take the following form [1]:

(moxC + D) = mor A + Bi — 2(mopT +T},),
w(Cy + mox Dy) = —(Aj, + mox Bj;) + 2T,

245 = oi1 + Taops 2By, = 0995, — 01 + 20079y, (1.2)

Cr = €11y, + 39y, + 2iey, Dy, = €11y, — €3, + 2170y,
mok = (aor — box)/(aok + bok), 4’ = Ny + No,

T, =The 2 2Ty =No— N, (k=1,2).

Here €} is the rotation in S;. We note that the stress—strain state in S} is uniform, i.e., A}, B}, C;, and D}, are
independent of x1y and zof (k= 1,2).

We formulate the problem similar to that considered in [1]: Is it possible to choose the stress—strain state at
infinity, i.e., the values of the principal stresses N1 and Ny and the angle a; (given aq, the value of a5 is determined
uniquely since the angle o = s — @y between the axes O1211 and Osx12 is fixed) in such a manner that the principal
shear stress in each PNEI takes a specified value, i.e., the equalities 7% = 795, hold (7o), are specified values, k = 1,2)?

In contrast to [1] where the principal directions of stresses applied at infinity were specified and the orientation
of inclusions (i.e., the angles ay, k = 1,2,...) was varied, we determine the principal directions for N; and Ny (and
their values) for a specified angle o between the centerlines of two PNEI.

We show that the solution of the problem formulated above exists under certain restrictions. Assuming that
B} = Tore'¥*, as was done in [1], taking into account the fact that relations (1.1) and (1.2) imply the equalities
C; = 2ie; and D} = —2F}(17)B;, and eliminating A} and &} from (1.2), we obtain

2T, cos 20y, = [(1 —mZ,) + Br(1 + m?;)] 7ok cos pr,
—2I' sin 20, = [(1 +m3,) + Br(1 — ma.)] 7ok sin @, (1.3)

Bk = 2uFk(1or) (k=1,2), ay = o1 +a.

Relations (1.3) form a system of four equations for I'(, a1, ¢1, and ¢a. In [1], the following necessary
conditions for which the system can have solutions were obtained:

ag — |b| < 21| < ag + |byl,
(1.4)
ar = (14 Bx)7or > 0, b = ma (1 — Br) 7ok, ag > |bgl.
These conditions follow from the fact that the absolute value of cos2¢py that can be obtained from (1.3) cannot
exceed unity.
Inequalities (1.4) are satisfied for k = 1, 2 if the following inequality holds: max (ar, —bg]) < krgiln2 (ar+|bk])-

Analyzing all variants of this inequality, we find that a; — |b1| < as+|be| and ag —|ba| < aq +|b1|, which is equivalent
to the condition

‘a1 —a2| S |b1|+|b2| (15)
Eliminating the quantities ¢; and ¢y from (1.3), we obtain
) 2 .2 2
_ sin” 2« cos” 2« sin“ 2(a1 + « cos®2(a1 + «
(21p) "2 = =+ = (a1 2)+ (o 2). (1.6)
(Cl1 + bl) (a1 — bl) (Cl2 + bg) (ag — bz)

For tan 2qq, the last equality yields the quadratic equation
(Ag cos® 2o + By sin® 2a — A;) tan? 20 + 2(Ay — Bs) sin 2accos 2atan 20y
+ Ay sin® 20 + By cos? 2a — By = 0, (1.7)
A = (ak + bk)72, By = (ak — bk)72 (k = 1,2),

whose discriminant D is given by
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D= Asin®2a+ B, A= (A, —B1)(Ay — By), B= (A — A))(By — By). (1.8)

We note that the functions A and B given by (1.7) and (1.8) satisfy the following equivalence conditions (since
ay > |bg|, where k =1,2):

A>0 (<0) <= biba>0 (<0); (1.9)
B>0 (<0) <= |bj—by|—lay—as>0 (<0); (1.10)
B+A>0 (<0) <= |bi+by—|a1—az] >0 (<L0). (1.11)

For tan 2ay, Eq. (1.7) has real roots if D > 0. This condition is satisfied in the following cases:
1) For all values of sin 2« if A > 0 and B > 0, i.e., if according to (1.9) and (1.10)

bibe > 0, lar — aa| < [by — ba| = [[b1] — [ba]]

[condition (1.5) holds since ||b1] — |b2|| < |b1| + |be]], or if A <0, B >0, and A+ B > 0 (since D > A + B), which,
by virtue of (1.9)—(1.11), is equivalent to the inequalities

biby <0, a1 —az| < [by + bal = [Jba] = fba]l;
2) If the inequality
sin® 2 > _B — [(a2 + b2)? — (a1 + b1)?][(a2 — b2)* — (a1 — b1)?]
A 16a1b1a2b2

holds for A > 0 and B < 0, i.e., biby > 0 and |a; — ag| > |by — ba| = ||b1| — |b2]|. This is possible if —B/A <1, i.e.,
A+ B>0or |a; — ag] <|by + ba| = |b1| + |b2] [see (1.11)], which coincides with (1.5);
3) If the inequalities sin® 2ae < —B/A < 1 are satisfied for A < 0, B >0, and A+ B <0, i.e., biby < 0 and
b1 = [ba][ = [b1 + b2| < a1 — az| < |by — b2| = |b1] + [b2].

Thus, if
a1 — aa| <]ba] = [bal, (1.12)
then D > 0 regardless of sign (b1b2).
If
|[b1] = [ba|] < |ar — az| < [b1| + [ba, (1.13)

then D > 0 for sin® 2ac > —B/A (for A > 0) or for sin? 2a < —B/A (for A < 0).
Once the values of ay are found, the quantity |T'y| and the angles ¢y (k = 1,2) are determined from (1.6)
and (1.3), respectively. As is shown in [1], if the inequality

[rB(1)] >0  (k=1,2) (1.14)

(the prime denotes differentiation with respect to 7), which follows from the stability condition for the constitutive
equations (1.1), holds and the values of T'|;, and ay, are specified, then 7, and ¢ (—7 < ¢ < 7) are determined
uniquely, i.e., only the values of 7} = 7o), (k = 1,2) correspond to the values of I', and oy, determined by solving
the problem formulated above.

We consider some particular cases where the solution of Eq. (1.7) for oy exists. Let both PNEI have the
same properties, i.e., Fy = F (k = 1,2) in (1.1), and it is required that the principal shear stresses occurring in
them are equal: 791 = 7p2. In this case, we have a1 = a2 and inequality (1.12) is satisfied for both mg; = mg2 and
mo1 7% Mo2; hence, the solution exists for all «, i.e., for all orientations of the inclusions relative to each other.

If 791 # 702 and mg; = me2 = My, inequality (1.12) fails. Indeed, if inequality (1.14) is satisfied, both
functions [1 + B(7) £ m3(1 — B(7))]r, where B3(1) = 2uF(7), are increasing functions and, hence, for 791 > 792, we
obtain a; > az, ay + by > as = by. This implies that a; — ag > by — bl, a1 —ag > by — bg, i.e., |CL1 — (12| =a; —as >
|[by — ba| > [|b1] — |b2]|- In a similar manner, we obtain |a; — ag| > ||b1]| — |be|| for 792 > 791. Thus, in this case,
the solution for a; exists if the second inequality (1.13) and the above-mentioned restrictions imposed on the value
of o are satisfied.

2. Linear-Viscous Plane with Nonlinear-Viscous Inclusions. We formulate the problem similar to
that considered above for an isotropic linear-viscous plane with nonlinear-viscous elliptic inclusions (NVEI) assuming
that the distance between the centers of the inclusions is much greater than their size. We ignore the elastic strains

718



of this inhomogeneous medium and assume that the medium is incompressible and subjected to plain strain. In the
viscous region S, we obtain the following relations similar to Hooke’s law relations (see Sec. 1):

4pmgg = —4pum = o2 — o11, 2puni2 = o12.

Here 7;; are the strain-rate components and p is the viscosity coefficient.
We write the constitutive equations for the kth NVEI in the coordinate system Opx1izor determined by its
centerlines in the form [2, 3]
_ Hp 0%y, — 011y, 7*

* * * k *
Mook = —Tik = 5« ) ek = 5% 912k»
27‘k 2 27'k

g Bun™ . Bum™
P = w)a PO S wp)n

H} = (03 — mi1e)? + Anjae)? (k=1,2).

Here 7;;), are the strain-rate components of the inclusion, H}; is the principal shear-strain rate, wy (0 < wp < 1) is
the damage parameter (wy = 0 for the undeformed state and wy = 1 at the moment of fracture), Biy, Bog, 1k, Pk,
and g are positive constants, the dot denotes differentiation with respect to time ¢, and the remaining notation is
the same as in Sec. 1.

Relations (2.1) can be inverted [2]:

oty — ok 27 277 .
% = H]: M2k Olop, = Hiﬁ Mok Wi = BopH ™ (1 — wy) ™,
k k
) (2.2)
Bor = BarBy*, Vi = Pk /N & = qr(Tk — 1).

Relations (2.1) and (2.2) describe the processes of isothermal creep deformation and fracture of brittle and
viscous materials.

The stress—strain relations in the kth NVEI and at infinity are given by (1.2), where €;;1, should be replaced
by 17y, (1,7 =1,2) and €}, by €} and the quantity p should be understood as the viscosity coefficient.

The problem is formulated as follows: Is it possible to choose the stress—strain state at infinity, i.e., the
stresses N1 and Ns and the angle a1 such that the principal shear-strain rate in each inclusion takes the required
value, i.e., H} = Hox(t)? Here Hoi(t) (k = 1,2) are specified functions of time. For ¢ = 0, the NVEI are not
deformed and, hence, wi|t—0 = 0 (k = 1, 2).

Relation (1.2) with modifications considered above and relation (2.2) yield the equalities |D;| = Hj,
Cy = 2ié}, and By = —71; H{ ' D;. Setting D} = Hoe'#*, by analogy with (1.3), we obtain [3]

—20) cos 2, = [(1 — m&) 1 + (1 +m2;,) Hox] cos or,
2T sin 2ay, = [(1 4+ m2, )7 + (1 — md,) Hox] sin gy, (2.3)

T = [BfleOk(l - Wk)qk]l/nk (k=1,2), ay = a1 + .

System (2.3) for the unknowns I', a1, 1, and @2 has a solution only if inequalities (1.4) are satisfied with
allowance for the relations

ar = T + pHok, by = my. (7 — pHog). (2.4)

For the specified functions Hog(t), the quantities 7} in (2.3) and (2.4) are found after determination of the
damage parameters wy by integrating the third group of equations (2.2) under the initial conditions wg|t=¢ = 0
(k=1,2).

Proceeding as was done in Sec. 1, we obtain formulas (1.5)—(1.13), in which a; and by are determined
according to (2.4). In particular, if (1.12) holds, the solution for «; exists for any angle o between the symmetry
lines of the inclusions; if inequalities (1.13) hold, the restrictions mentioned above are imposed on «.

In [3], we show that, if the values of I'{, = I'j(¢) and oy = ai(t) are specified, the functions H} = H;(t)
and ¢ = @(t) (—m < ¢ < ) are uniquely determined from (2.2) and (2.3), i.e., only the values of H; = Ho
correspond to the values of I', and ay, determined by solving the problem formulated in this section.
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The problem considered can also be interpreted as follows: Is it possible to choose stresses at infinity such
that H} = Hox(t) and, hence, the kth inclusion fails in a specified period ¢} (k = 1,2)? Indeed, the quantities
mentioned above are related by the equality [2, 3]

#

(]. — EEk)BOk/HZ’Yk dt =1 (a‘?k < 1),
0

which follows from the third group of equations (2.2) and conditions w|i=o = 0 and wg|i=z =1 (k = 1,2).
In a particular case where Hj; = const, we obtain

tzil = (]. — &Bk)BOkHZA/k.

Thus, one can formulate the problem of optimal fracture of two NVEIL, i.e., fracture in a specified time ¢}.

In conclusion, the following remark should be made. In [3], the problem similar to that considered above
was formulated for %k inclusions whose orientation relative to each other was fixed; the case k > 2 was admissible.
In the formulation proposed in the present paper, however, this is impossible since, as was shown above, setting of
Hyy, and « for four unknown quantities ', a1, and ¢y, (k = 1,2) yields a closed system of four equations consisting
of first two equalities (2.3), where as = a1 + a and k = 1,2. If a couple of equations corresponding, e.g., to the
case k = 3 are added to the system, the latter becomes overdetermined [six equations for five unknowns T'g, a1,
and ¢ (k= 1,2,3) since as and ag are expressed in terms of a;]. This imposes restrictions on the orientation of
other inclusions, i.e., on the angles oy for £ > 3. One can easily show that, in the general case, 2k equations can
be written for 2 + k£ unknown functions.
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00643).

REFERENCES

1. I. Yu. Tsvelodub, “Inverse problem of deformation of a physically nonlinear inhomogeneous medium,” J. Appl.
Mech. Tech. Phys., 43, No. 3, 445-447 (2002).

2. 1. Yu. Tsvelodub, “Optimal modes of deformation and fracture under creep conditions,” Izv. Ross. Akad. Nauk,
Mekh. Tverd. Tela, No. 2, 108-114 (1999).

3. I. Yu. Tsvelodub, “A problem of optimal fracture of an inhomogeneous nonlinear-viscous medium,” in: Dynamics
of Continuous Media (collected scientific papers) [in Russian], Vol. 119, Novosibirsk (2001), pp. 128-131.

720



